Lehmer's semi-symmetric cyclotomic sums by Andrew J. S. Lazarus (Davis, Calif.)
To the memory of Derrick Henry Lehmer
At the 1991 West Coast Number Theory Conference, Emma Lehmer asked for proofs of the formulas on semi-symmetric cyclotomic sums that appeared without proof in D. H. Lehmer's last notebook. This note is the result. Furthermore, we show how to determine signs which Lehmer had left ambiguous.
Classical cyclotomy defined the cyclotomic classes of degree e and prime conductor p = ef + 1 to be (Indices are taken mod e here and throughout.) The Gaussian periods are defined by
where a choice of g has been fixed and ζ p = exp(2πi/p). The indexing of the periods other than η 0 also depends on g. By ζ n we will always mean the specific root of unity exp(2πi/n).
The principal period η 0 = Tr
ζ p where K is the unique field of conductor p and degree e over Q. The other η j , j = 1, . . . , e − 1, are its Galois conjugates.
Lehmer investigated the semi-symmetric functions of the periods
1. e = 3. Since p ≡ 1 mod 6, we have the well-known decomposition 4p = L 2 + 27M 2 . We will use Hasse's normalization L ≡ 2 mod 3. We can specify how to choose M , and then impose a condition on the primitive root g used in (1), or we may choose g and then determine M from congruence conditions, but we cannot normalize both M and g in advance. The choices are tied together by the lemma: 
R e m a r k. A general procedure for obtaining results of this type for prime e appears in [4] .
where L ≡ 2 mod 3 and either (a) g is chosen so that
g is arbitrary and M is such that (3) holds.
P r o o f. Lehmer obtained a formula equivalent to (4), except his L ≡ 1 mod 3 (i.e., replace L by −L in (4)) and ±M is undetermined. We will, however, give the proof ab initio, using Hasse [3, §1-2] and his normalization.
Assume normalization (a). The field Q[ζ p ] contains as a subfield the unique cubic field K of conductor p. There are two cubic characters "belonging" to this field, and they coincide with the cubic residue symbols for the primes lying over p in Q[ζ 3 ], viz., g p 3 and g p 3 . Let χ be the character associated with p and let
the negative of the Lagrange resolvent (sometimes called a Gauss sum).
Hasse wrote elements of K in the form [x, y] with x ∈ Q, y ∈ Q[ζ 3 ], representing the number (x + yt + yt)/3. Elements written in this form can be added coordinate-wise and multiplied according to the scheme
The resolvents τ (χ) are connected to the Gaussian periods through the inversion relation
The theorem follows from a calculation in Hasse's ordered pair basis which was implemented in the Maple computer algebra language.
The truth of the theorem for normalization (b) follows from the lemma.
Normalize g and p by (5) . If, for arbitrary g , g p 3 = ζ 3 , the proof for normalization (a) holds with g replaced by g . If not, then g p 3 = ζ 3 , and (3) gives M < 0, i.e., the opposite normalization to (5). The negative value for M is correct in (4) because, from (2), C
3−j , and η 1 and η 2 are likewise exchanged.
2. e = 4. Because the Lehmers were interested in both cyclotomy and units, they considered only the real fields where p ≡ 1 mod 8. (The unit groups of the imaginary quartic fields are generated, up to torsion, by quadratic units.) Here we will use the normalization
The analogue to Lemma 1 is:
If g is a generator mod p and p = a + bi is a prime of Q[i] lying over p, then
Considering real and imaginary parts gives p | (aG − b) and p | (a + bG), whence G(a − b) ≡ (a + b) mod p. Hence the lemma.
R e m a r k. It is easy to see that (a + b)/(a − b) and its reciprocal are the square roots of −1 mod p.
where either (a) g is chosen so that
P r o o f. These formulas appear in Lehmer's notebook up to sign. Assume normalization (a), which is from Hasse [3, §7-8]. Let χ be the character associated with p belonging to the quartic field, and set t equal to the resolvent τ (χ). Hasse wrote elements of the quartic field K of conductor p in the 4-tuple [x 0 , x 1 , y 0 , y 1 ], x i , y i ∈ Q, representing the number
Since τ (χ 4 ) = µ(p) = −1 and Gauss showed that τ (χ 2 ) = √ p, we have, from (6),
Multiplication of elements in Hasse's basis is accomplished through the relations
This scheme was implemented in Maple and the various S 4 's were calculated with the results shown in the theorem. The truth of the theorem for normalization (b) proceeds from Lemma 3 in the same fashion as the end of the proof of Theorem 2.
Corollary 5. S 4 (3, 1) = S 4 (3, 3) = −(7p + 1)(p − 1) whenever a = −3.
3. e = 5. Dickson [2] decomposed primes p ≡ 1 mod 5 as
If (x, u, v, w) is one solution to this system, the others are (x, −v, u, −w), (x, v, −u, −w) and (x, −u, −v, w). If g is a primitive root mod p, Katre and Rajwade proved in [5] that (x, u, v, w) can be defined unambiguously-given g-by the additional condition
R e m a r k. Another expression for primitive fifth roots mod p was obtained by Emma Lehmer in [6] . Her expression was more complicated and evaluated to 0/0 when u = −2v.
The author is not aware of special bases for quintic fields in the literature, but S 5 (m, j) can be evaluated with the cyclotomic numbers (h, k). These are defined (for fixed g) by
There are a number of well-known general formulas satisfied by the cyclotomic numbers (see, e.g., [1, 7] ), including
The quintic cyclotomic numbers were established in principle by Dickson [2] and made unambiguous (as a function of g) in [5] by (7) P r o o f. We will illustrate the proof for S 5 (2, 1); the same technique is used for the other formulas but the calculations (which were done by machine) are much messier. Using (8) and the identities involving the (h, k) in (9) we have The theorem now follows by substituting in the values of (h, k) in (9) and simplifying.
Corollary 7. S 5 (m, j), j = 2, 3, 4, are obtained by substituting σ 2 = (x, −v, u, −w), σ 3 = (x, v, −u, −w), and σ 4 = (x, −u, −v, w) respectively for σ 1 = (x, u, v, w) in S 5 (m, 1). P r o o f. Theorem 2 of [5] implies that a generator g is in C (g) j whenever g satisfies (7) and g will satisfy (7) after the substitution σ j is made. The corollary follows from (2) . (The substitution σ j is related to the automorphism of Q[ζ 5 ] given by ζ 5 → ζ j 5 .) R e m a r k. Lehmer also investigated a variation on the S n in which the Gaussian periods η were replaced by the so-called reduced Gaussian periods x = eη+1. The corresponding minimal polynomials have simpler coefficients and may be obtained in exactly the same ways.
